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Symbols

a, &j, aijk, i, -.- a-..q— Strength tensors on the rank of 1-, 2-, 3-.4-z and its’
components in the coordinate system of the geoca¢taxes of the sample |, k, |,
.. (F1, 2, 3),

a, &y, &k, &jkr » --- akr -..g¢ — Previous tensors and its’ components in thestran
formed coordinate systemy, (", k', I, ... 9’ =1, 2, 3),

c — optional scalar,

CoV [%] — coefficient of variation,

I, I, — the first and the second stress invariant,

L, R, T — anatomical main directions of wood: longitudjraldial, and tangential di-
rection,

n — failure prediction number,

P — side pressure during the triaxial tests,

u —moisture content of wood,

X — geometrical axes of the samptel(, 2, 3),

B., B — transformation matrices,

J - coordinate-transformation angle,
p —density of wood,
¥ Biax — all biaxial stress states,
¥ Triax — all triaxial stress states,
o' — stress tensor and its components in the origimaldinate system,( =1, 2, 3),
o' — stress tensor and its component in the transfibonerdinate-system
(.1 =1,2,3),
¢ —coordinate-transformation angle which is equal to the grain angle,

w —coordinate-transformation angle which is equal to the growth ring angle.



1. Introduction

Basically, all the materials are anisotropic in thegure. The physical-mechanical
properties of several materials used in the engimg@ractice can be modeled as iso-
tropic material. However, various materials (e @nposites, wood) have significant
grain dependent properties. Thus applying anisarowdels is necessary. The load
bearing capacity or strength is a basic property dib structural materials. The

strength of a structural element is predicted bggianisotropic failure criteria. Nu-

merous strength criteria were created during tiveldpment of mechanics, including

several focused on anisotropic materials. Howetheee fundamental strength crite-
ria can be applied in most general conditions. &les: the von Mises, the Tsai-Wu,
and the Ashkenazi strength criteria. In our redgatte usability of these failure theo-

ries was investigated.

2. Purpose of the research

Biaxial tests were carried out on spruce woBttéa abiey at the TU Vienna, Insti-
tute for Mechanics of Materials and Structures bgf.PDr. Josef Eberhardsteiner.
One of the goals of this research was to deterthi@diaxial stress state on the sam-
ples at the failure. During our work, we procesexidata regarding the failure theo-
ries. We got the experimental data from Prof. DvefBardsteiner through coopera-
tion between the two institutes. After our evaloatiwe evaluated the strength crite-
ria in the biaxial stress state.

Moreover, doing experiments was also an aim ofresearch. Analogies of the bi-
axial experiments, triaxial tests were performedspruce wood to investigate the
failure theories in the triaxial stress state. Base our evaluation, we were able to
decide which strength criterion most accuratelycdbss the failure behaviour of

wood.



3. Theoretical Background

The strength criteria work only when the strestestare in the main anatomical di-
rections of the wood.

Formulas of the anisotropic strength criteria awsioften polynomial equations.
The left side contains polynomials of the componanthe stress tensor. The right
side contains scalar. The general anisotropic gtihetriterion has the following form
(Szalai 1994):

*

a; o’ * Qg og'o" +a'ijk|mn0-ij glo™ + aijk|mnopJij g'oc™o®+..<c, (1)
L],k I, mn o,np,..%23

ahol,

&' — components of the stress tensor,

aj, 8k, Gjkmnop » --- — Strength tensors of 2,4,6,8... rank,

c — optional scalar.

On plastic materials with equal tensile and congivesstrength, von Mises (1928)

applied a second order polynomial equation:
80’0 <1. LK I1=L R, T (2
Tsai and Wu (1971) applied the first two partshef general strength criterion (1).

They assumed that their theory works not only flasiic but also for brittle materi-

als. The Tsai-Wu strength criterion has the follogviorm:
a0 +a,0'0" <1 L, K I1=L R, T (3)
Ashkenazi (1966) defined a strength tensor of theth rank. The structure of the

tensor is similar to the compliance tensor. Ashkergplied the second and the

fourth part of the general strength criterion (1).

" Einstein’s convention was used herein and heréian&.g.: ax = a; X' +a, X + ag X,
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After transformation (Szalai 1994), the followirggrins are applicable:

ay, oio¥

2_
‘ |1 |2

-<1 iljlkllleR’T (4)

I, I, — the first and the second stress invariant.

All of the three theories work in a similar methéfdthe inequality is valid, the ma-
terial will not fracture. If there is equality, theaterial is at the border condition of
failure.

After theoretical investigations, only the Ashkensaizength criterion works for
anisotropic materials (e.g. Szalai 1994, 2008). Vba Mises and the Tsai-Wu
strength criterion state the same thing: the catemm of the stress tensor plays no
role, because the fracture of wood occurs achietnagsameonjugated work. How-
ever, it is an obvious statement: if a longitudiaatl a tangential oriented wood bar
(but with similar geometry) is in tension, the asggted energy accumulated until the
fracture is significantly different. Among the terstrength criteria, only the Ashke-
nazi states this.

If (2), (3), and (4) are in equality and the rigide of the equation is changed ffor
(which we determined as the failure prediction namlihe strength criteria can be
evaluated by experiments. ifequals 1, the strength criterion will describe fhié
ure. It is an ideal case. iifis less than 1, the strength criterion will nogglict any
failure but the material will be damaged.nlis more than 1, the theory will predict
failure but the material remains intact. The cldkerfailure prediction number is to 1

the more accurately the theory describes the &ilur

4. The subject of the research — Materials and methods

The von Mises, the Tsai-Wu, and the Ashkenazi gtreoriteria were validated by

the experimental results of the biaxial and thaxtal tests. The strength criteria can
be used only in the main anatomical directions 0bav Therefore the experimental
stress states were transformed. The failure predictumbers for all stress states

were determined by the three theories. The streomfigria could be evaluated with
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the failure prediction numbers because the fajwesliction number correlates to the

failure.

4.1.Biaxial experiments

Eberhardsteiner (2002) measured 423 pieces of-shagsed spruce specimens under
biaxial loads. Specimens were cut alongltRglongitudinal-radial) main anatomical
plane from the board (Figure 2). The estimatedssestion was 140 x 140 mm. Lin-
earu andv displacements were applied along xh@ndy axes, according to the axes
of the biaxial testing machine. The reaction waglanar stress state with”, &7
stress components. The grain angk Wwas different.o= 0° (), 7,5°,15°,30°, and
45°. The tests were performed at 20°C and at 65%rBldtive humidity). The aver-
age moisture content of the samples was 12%. Aftedal load test, 423 pieces of

biaxial stress states were available at the mowfathie failure.

vy Uy =17 Ug
T ot

23

J —— = %)

Figure 1: Specimen for biaxial test. Sample shap&g directions, and the coordinate system are
shown.

4.2. Triaxial experiments

We performed triaxial compression experiments an@wood at our institute (Ga-

rab et al. 2012). The testing machine operated ytivaulic side pressure to prepare
cylindrical samples from spruce wood. The dimensiohthe specimen were the fol-

lowing: the diameter was 50 mm and the length védsrdim (Figure 2).
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The mean of the density was 0.39 gicthe mean of the moisture content was
13.9%. Three different orientations were cut frdva lumberp= 0° (L), 22°, and 45°.
The grain angle and the growth ring angle were oregdson the samples before turn-
ing. The side pressures were 5, 10 and 15 bar. &dehpressure-orientation combi-
nation was tested 6 times and 54 samples weredteBiging the experiments, 4
pieces of samples were broken due to only themiessure. Hence, 50 triaxial stress

states resulted in failure.

Specimen for
moisture content
measurernent P

Figure 2: Sample preparation, orientation and thgpked loads. The grain angl@) was 0°(L),
22°, and 45°. The growth ring anglg)(varied from 0°(T)-90°(R) . The direction of thea load
(F) was along the’xaxis. The side pressure (P) arisen at the*plane.

4.3. Transformation of the Multi-axial Stress States ino the Anatomical Coor-

dinate System of Wood

The strength criteria work only when the strestestare in the main anatomical di-
rections of the wood. However, the stress statee gwen in the coordinate system
of the axes of the board or the axes of the testiaghine. Thus, the stress states
from the experiments had to be transformed.

Szalai (1994) presented a coordinate transformatiethod for transforming the
stress states in the axes of the board into the@e@al coordinate system of wood.
The transformation operates by three rotation an@¥eqp, ). Fortunately, the raw
material (spruce boards) did not allow us to cutegal oriented samples. Therefore,
it was not necessary to apply the general transfbom method. The long direction
of the board was equal to the grain direction [n this case, the rotation angle was
equal to the grain angle; therotation angle was equal to the growth ring anglg-(

ure 3).



The transformation matrix for transforming the sgrestates is the following from
Szalai (1994):

cosp singsing  singcosy
B =|singcosd -cospsing —cosgcosy
0 cosy —-siny (5)

The stress states in the axes of the board warsforaned into the anatomical co-

ordinate system of wood by applying the tensor themd the components of the

transformation matrix (5):

o =d BB L, k=123and,j, k=L, R, T  (6)

B ésp) — components of the transformation matrix (5),

¢! — stress tensor and its components in the coomlystem of woodL( R, T),

o — stress tensor and its components in the axgedfoardy’, x2, x°).

X2 9=0° XB

Figure 3: Rotation anglesy( J andy) on the specimen (board) before turning.

4.4.Evaluation the Strength Criteria

If (2), (3), and (4) are in equality and the rigite of the equation is substituted for
n (which we determined previously as ttadure prediction number), the size oh
correlates to the state of the material (intadtroken). Ifn equals 1, the strength cri-
terion will describe the failure. It is an ideakealfn is less than 1, the strength crite-

rion will not predict any failure but the matenaill be damaged. Ih is more than 1,
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the theory will predict failure but the materiahmains intact. The closer the failure
prediction number is to 1, the more accuratelyttie®ry describes the failure. There-
fore the failure prediction numbem)(correlates to the conformity of the failure the-
ory.

Performing a large number of tests is obligatorg tiuthe deviation of the wood
properties and the circumstances of the experimé@ussequently, the large devia-
tion influences the mean of the failure predictmmbers when only a few tests were
carried out. This uncertainty can be decreased dggda large number of tests.
Hence, the determined failure prediction numbens lba evaluated by statistical
methods. Thus, the conformity of the strength gatean be evaluated by the mean,
the variance and other statistical parameters.

The failure prediction numbers can be determinéer dfie strength criteria as fol-
lows:

von Mises strength criterion:

Mvon Mises &jklﬂijﬂkl, L, K I=LR, T (7)

Tsai-Wu strength criterion:

nTsai-Wu:aijUij"' &jklﬂijﬂkl, L, K I=L R, T (8)

Ashkenazi strength criterion:

— R a'o"

Nashkenazr 2— ’
‘\/ |1 - |2

i,k I=L, R, T (9

where,

Nvon Mises Nrsai-wuNashkenazi- failure prediction numbers according to the sitereri-
teria,

a;, g — components of the strength tensors accordingetstiiength criteria,

&' — components of the stress tensor,

[, andl, — the first and the second stress invariants.

5. Results and Discussion

Failure theories were applied to the transformeesst states which were separated

according to the signs of the normal stressesuieaprediction numbers were deter-
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mined for all experimental stress sates accordin@49), in subchapter 4.4. The sta-
tistical parameters are shown in Table 1-3.
Table 1: Statistical evaluation of the failure pigtbn numbers (n) determined by the von Mises

strength criterion. Results are presented for the groups of the biaxial stress states, for altrod

biaxial stress states, and for the triaxial stregstes.

LL+ RR+ LL+ RR- LL- RR- LL- RR+ . .
o 0 o 0 o 0 o0 Y Blax X Triax

Sample size [pcs]: 145 103 113 62 423 50
Minimum [-]: 0.16 0.00 0.00 0.40 0.00 0.00
Maximum [-]: 4.09 1.96 5.78 3.13 5.78 3.30
Median [-]: 0.74 0.00 0.00 1.22 0.56 0.00
Modus [-]: 0.75 0.00 0.00 1.25 0.00 0.00
Mean [-]: 0.99 0.27 0.48 1.29 0.73 0.42
SO [-]: 051 018 1.08 034 069 050
SD [-]: 0.72 0.43 1.04 0.58 0.83 0.71
CoV [%]: 721 1551 2155 448 1145  170.2
Slope [-]: 2.06 1.68 3.60 0.92 2.31 2.13
Kurtiosis [-]: 4.67 236 14.18 1.04 8.54 5.02

Table 2: Statistical evaluation of the failure prettbn numbers (n) determined by the Tsai-Wu
strength criterion. Results are presented for the groups of the biaxial stress states, for altrd
biaxial stress states, and for the triaxial stresstes.

O_LL+O_RR+ 0_LL+0_RR— O_LL—O_RR— O_LL—O_RR+ Y Biax S Triax
Sample size [pcs]: 145 103 113 62 423 50
Minimum [-]: 0.02 0.00 0.00 0.30 0.00 0.00
Maximum [-]: 5.94 1.73 4.27 3.59 5.94 1.57
Median [-]: 0.70 0.19 0.15 1.30 0.60 0.00
Modus [-]: 0.40 0.00 0.00 1.25 0.00 0.00
Mean [-]: 1.14 0.38 0.47 1.38 0.81 0.11
SO []: 1.23 0.20 0.60 0.50 0.86 0.09
SD [-]: 1.11 0.44 0.77 0.71 0.93 0.30
CoV [%]: 97.6 115.3 165.5 51.5 114.4 259.3
Slope [-]: 2.14 0.85 2.92 0.97 2.18 3.45
Kurtiosis [-]: 475  -0.19  10.28 1.03 6.24  12.94

-11 -



Table 3: Statistical evaluation of the failure pretbn numbers (n) determined by the von Mises
strength criterion. Results are presented for the groups of the biaxial stress states, for altrod
biaxial stress states, and for the triaxial stresstes.

LL+ RR+ LL+ RR - LL- RR-— LL - RR+ . .
o 0 o 0 o 0 o 0 Y Blax X Triax

Sample size [pcs]: 145 103 113 62 423 50
Minimum [-]: 0.40 0.46 0.56 0.48 0.40 0.67
Maximum [-]: 1.87 1.42 2.33 1.03 2.33 1.57
Median [-]: 0.80 0.70 0.80 0.70  0.77 1.04
Modus [-]: 0.72 0.65 0.70 0.66 0.76 1.03
Mean [-]: 0.87 0.75 0.88 0.71 0.82 1.05
SD? []: 0.06 0.03 0.09 0.02 0.06 0.03
SD []: 0.25 0.18 0.31 014  0.25 0.17
CoV [%]: 28.2 24.4 35.0 20.1 30.3 16.1
Slope [-]: 1.48 0.85 2.86 0.29 2.32 0.85
Kurtiosis [-]: 2 86 077 968 -0 79 8 96 182

The differences among the failure prediction nurabdtermined by the failure

theories can be seen easily in the box plots dragFagure 4).

! ) i ! ] von Mises
I I

b ! [ ] Tsaiwu

: | |:| Ashkenazi

Means and Percentiles

Maximum ----------- “

] 801 Wy dikosd ==

T T T T T T T T T T T T T T T T
O 1 O | T YV O | L O Y O T | L AV A

Stress groups [-]

Failure prediction number [-]

Figure 4: Box plots of the failure prediction numbeaccording to the von Mises, the Tsai-Wu, and
the Ashkenazi strength criteria. Stress groupstheefollowing: | —s"-* "% Il — ¢"-*6"%7 11l —

56" IV — 6 6RRY vV — 3 Biax: VI =2 Triax.
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The box plots represent the mean, the median,gheeptiles (1, 25, 75, 99%), the
minimum, and as well the maximum values of theufailprediction numbers in the
given stress group. It is remarkable that thoseifstgnt amounts of failure predic-
tion numbers with negative signs were determinethbyvon Mises and the Tsai-Wu
strength criteria. This can be explained by theé ta&t the graphical demonstration of
the biaxial stress point is absolutely out of ttrerggth surface. The stress point ac-
cording to the normal stresses is out of the ptimje®f the strength surface onto the
base surface. This phenomenon is similar in ai&datress state but a graphical ex-
planation is difficult to make due to the higheménsions.

Hence, the failure prediction numbers with negasiggs mean that the given fail-
ure theory cannot accurately describe the faillirerefore, failure prediction num-
bers with negative signs were evaluated as zemo. ioe a prediction number means
absolutely no fitting of the criterion. Failure dretion numbers according to the
Ashkenazi strength criterion were never zero.

Moreover, failure prediction numbers accordinghe von Mises and the Tsai Wu
strength criteria do not represent the accurateréaof the wood. Although there are
several stress groups where the failure predictionbers are near 1 but the variation
Is not similar to the variance of the mechanicalpgrties of wood. However, failure
prediction numbers according to the Ashkenazi gtreweriterion are near 1 and the

deviation is similar to the mechanical properti€s/ood.

6. Conclusion

According to the results, among the von Mises,Tibai-Wu, and the Ashkenazi fail-
ure theories, only the Ashkenazi strength criteacnurately describes the failure of
the wood. Based on the theoretical investigati@malai 1994, 2008) and the ex-
perimental studies, the reasons for suitabilityhef Ashkenazi strength criterion are

the following:

» The Ashkenazi strength criterion is the most silgtéd estimate the strength
in a uniaxial stress state. (In several circumstaribe difference among the

three criteria is not relevant.)
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The von Mises and the Tsai-Wu strength criteriathesretically not suffi-
cient, because the theories state that failurerscauthe same energy level
at every orientation. However this statement istreahicted by the practical

observations.

Significant amount of failure prediction numbersrevealculated with nega-
tive signs for the von Mises and the Tsai-Wu sttlerggiteria. It means that

the failure theory cannot accurately describe #ilere of wood.

Failure prediction numbers determined by only tlshléenazi strength crite-
rion were near 1 in all stress groups. Moreoveg, tariance of the failure
prediction numbers was similar to the variancehef inechanical properties
of the wood.
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7. Theses
1.Thesis

| prepared a method to compare strength criteria fo wood based on experimen-
tal results. | introduced the failure prediction number (n), which compares the
experimental stress state (resulted at the failurejo the theoretical stress state

predicted by the strength criteria.

The failure prediction number can be applied t@din biaxial, and triaxial stress
states.

If n< 1,

the strength criterion predicts no failure but thaterial is damaged,

ifn=1,

the strength criterion describes the failure,

ifn>1,

the strength criterion predicts failure but the enal remains intact.
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2. Thesis

| deduced the relations of the determination methosl of the failure prediction
numbers according to the von Mises, the Tsai-Wu, ahthe Ashkenazi strength

criterion based on experiments.

The determination of the failure prediction numba&esording to the strength criteria

is the following:

von Mises strength criterion:
Mvon Mises™ QKO0 LLKI=L R, T
Tsai-Wu strength criterion:
Nrsaiwu =0+ aua ", ijkl=L, R, T
Ashkenazi strength criterion:
_a0'o"

Nashkenazr 2— ’
‘«/ll -1,

L,KI=L, R, T

where,

Nvon Mises NMrsai-wuNashkenazi- failure prediction number according to the sttbragite-
ria,

a;, g — components of the strength tensor according tstieagth criteria,

&' — components of the stress tensor,

[, andl, — the first and the second stress invariants.
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3. Thesis

| presented the relations to transform the stresstates on given anatomical main
planes into the main anatomical directions of woodMoreover, | introduced the
transformation method of triaxial stress states whe the longitudinal (L) direc-

tion is obvious in the board.

4. Thesis

| determined the failure prediction numbers accordng to the three fundamental
strength criteria in the biaxial stress state. | dil the evaluation for the compari-
son of the strength criteria. The results are presged in the following table ac-
cording to the stress groups separated by the sigrf the normal stresses:

Table 4: Statistical evaluation of the failure preébn numbers (n) according to the von Mises, the

Tsai-Wu, and the Ashkenazi strength criteria inlifaxial stress state. Results are presented in the

stress groups organized by the sign of the nortnasses.

Stress states Nyon Mises Mrsai-wu Nashkenazi
Stress groupsSample Mean CoV| Mean CoV| Mean CoV
[-] size [pcs] [-] [%0] [-] [%0] [-] [%0]
o et 145/ 099 721/ 114 976/ 0.87 282
oot 103 0.27 1551 0.38 1153 0.75 244
el s 113| 0.48 2155 0.47 1655 0.88 35.0
i 62| 129 448 138 515 071 20.1

All biaxial

stress states 423 0.73 1145 0.81 114.4 0.82 30.3
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5. Thesis

Based on the statistical evaluation of the biaxiahvestigations, only the Ashke-
nazi strength criterion can accurately describe thdailure of the spruce wood in

the biaxial stress state.

6. Thesis

| determined the triaxial compression strength of he spruce wood by my ex-
periments. Using the results, | determined the failre prediction numbers ac-

cording to the three strength criteria in the triaxial stress state. The results of
the evaluation are summarized in the following tals:

Table 5: Statistical evaluation of the failure gietion numbers (n) according to the von Mises, the

Tsai-Wu, and the Ashkenazi strength criteria inttleial stress state.

Nvon Mise NTsa-wi NAshkena:
Sample size [pcs] 50 50 50
Mean[-] 042 0.11 1.05
CoV [%] 170.2| 259.3 16.1

7. Thesis

Corresponding to the failure prediction numbers basd on the new experiments,
only the Ashkenazi strength criterion can accuratel describe the strength of

wood in the triaxial stress state.
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